Mayer has proposed a variation method of finding the two-body reduced density matrix p~ for the ground state of a many fermion system.
The rigorous analysis of an assembly of mutually interacting particles by means of quantum theory constitutes a very difficult problem ; therefore, we must resort to some approximate methods.
One of the most useful approximate methods is the well-known variation method based on the Schrodinger variation principle.
In this method an ap· propriate trial form is assumed for the total wave function and the best is sought of all the wave functions of this type. The configuration interaction (CI) procedure in orbital theories is a typical example of this method.
It is, however, usually necessary to take into account a very large number of configurations in order to obtain satisfactory results by means of CI procedure. Accordingly, it cannot be said to be a very useful procedure. In order to avoid this difficulty, <mother procedure has been proposed by Mott,ll Feynman 2 J and others. They assumed a single Slater determinant multiplied by a certain trial function which represents the correlation among particles. However, such treatments are. also intractable, whenever the density of particles is large, because of the considerable computational difficulty involved in deriving the functional forms of one-and two-body density matrices from the total wave functions given by such trial forms. Consequently, it is desirable to find a variation method in which a trial form is assumed directly for the two-body density matrix of assembly itself.
Such an investigation was done by ]. E. Mayer 3 l for the ground state of electron gas.
His method, however, seems to be open to several difficulties. In this paper, therefore, we want to make some remarks on its validity. and (q/ q/l P2lq/' q/')= (N(N-1) /2) J dqa···dqN· W (q/ q/ q3···qN) · W* (q/ 1 q/ 1 qa···qN), (2 ·1) espectively.
The density matrices for mixed states are given by replacing W) ( 
where XI and x2 denote one-body and two-body operators, respectively. From the definitions of p1 and p2 one can easily derive the following five conditions
v. 0 :::::each eigenvalue of p1 < 1 .
Mayer has considered that the p1 and ('2 which obey these five conditions (2 · 3) and give the lowest value to the expression (2 · 2) would be equal to the real p 1 and p 2 which are derived from the exact wave function IJf of the ground state by Eq. (2 ·1). We can, however, show several examples of the matrix p2 , which satisfies all these conditions (2 · 3) but does not correspond to any of the actual reduced density matrix,
where and so's constitute a set of normalized spin-orbitals which are mutually orthogonal. Conditions III and IV are obviously satisfied. Further, I and V are also satisfied, because below. Namely, N-body density matrix can always be expanded in terms of Slater determinants 1J! ;. 0 as follows
Then the corresponding p 2 can be written as
where ~/' means an orbital contained in IJ! /, and further en> 0. Therefore, any orbital ~; J. in the above expression of p 2 must be found in N -1 diagonal terms at least. In (2 · 4), however, each ~· appears just once. Example 2.
where p 2° is the two-body density matrix reduced from a single Slater determinant, ~', ~3 , ~k and ~~ are any of the orbitals contained in the determinant, and ..lis any number whose absolute value is smaller than unity. Obviously, Condition IV is satisfied by (2 · 5). Condition III is also satisfied, as can easily be shown by diagonalizing (2 · 5). And further we see that I and V are also satisfied, because the p 1 reduced from (2 · 5)
by means of Eq. II in (2 · 3) is equal to the p1° reduced from p2°. On the other hand, (2 · 5) cannot be actual two-body density matrix, because the wave function which generates the above p 1° must clearly be a single determinant so that the p2° which is obtained from this determinant must be the only actual two-body density matrix from which the present p 1° can be reduced.
The existence of such matrices means that the lowest possible value of the expression (2 · 2) found by Mayer's method will in general be lower than the exact energy eigenvalue of the ground state and the corresponding p2 will be also different from the exact one. Further we can present an example which shows that this discrepancy is sometimes too large to be neglected in discussing the properties of many-fermion system, such as the correlation energy. 
where p2° is the two-body density matrix reduced from the Slater determinant (1/ -V4f) X Jga, gj1, ua, uj1J, g and u being molecular orbitals with the symmetry of gerade and ungerade, and a and j1 being spin functions. Needless to say, the exact value of the total energy is 2E (He). Accordi11gly the validity of the general method based on the subsidiary conditions (2 · 3) seems to us quite questionable. § 3. Remarks on the special trial form adopted by Mayer Although Mayer's general method is not satisfactory as mentioned above, the special trial form of (12 adopted by him in treating the ground state of electron gas seems somewhat plausible.
So it is interesting to examine the validity of this kind of trial form quantitatively. For this purpose we wish to apply it to the ground state of the six 11: electron system of the benzene molecule, because in this case the calculation is manageable and its results can be compared with those of the CI treatments. 4 > We will here confine ourselves to the approximation in which the trial forms are constructed from the six 2p1r AO's.
Then the trial form which is an adaptation from Mayer's one may be written as follows, (3 ·1) In the above, k is a c-number and wi is the Wannier function which is constructed from the six 2pr.: AO's and is localized on the i-th carbon atom.
If k=O, (3 ·1) gives the two-body density matrix corresponding to the Hartree-Fock approximation, as is well known.
By this density matrix, however, the correlation between electrons with a spin and with /1 spin is not included, and then the ionic character is contained too much. The second term 011 the right side of (3 ·1) has the effect of diminishing this ionic character. For this purpose it would be better to adopt as wi the i-th 2p1r AO itself, but we here adopt the W annier function only for mathematical convenience.
In the ground state of benzene molecule, the one-body density ma~rix p1 is invariant under all the symmetry operations of this molecule. Therefore, it may be expressed as (3 ·2) where cp 1 is a molecular orbital given by Now, setting q/=q/'=q£ in the first term of (3 ·1) and integrating over dq 2 , we obtain Similarly, we obtain from the second term Therefore, Eq. II in (2 · 3) gives Table I , where Na. and N;~ mean respectively the numbers of electrons with a and f3 spins around one electron with a spin, and LlW is the depression of the energy from that given by the single determi· nant approximation in the LCAO theory.
If we impose on p2 another new condition N~~.= (N/2) -1 and N~= (N/2) which must always be satisfied by p2 of singlet states, k should be zero and then the corresponding (12 reduces to that of the single Slater determinant. Therefore, the attempt is meaningless, in usual sense, to calculate the correlation energy by using such a trial form as (3 · 1).
In the above treatment we have considered all the conditions (2 · 3) strictly, but Table I . Here we notice that these results differ from those listed in the former column by a corsiderable amount. The last column of Table I shows the results of the CI calculation performed by Parr, Craig and Ross·'l which may be regarded practically as the exact solution of our present problem. From Table I we see that the agreement of the values of A's and LlW written in the second and third column with those in the last column is rather unsatisfactory, not to mention the essential disagreement in N,/s explained previously.
In order to improve these results, it is necessary to introduce some new freedoms into the trial form (3 ·1). If we do so, however, we encounter a difficulty arising from the fact that some subsidiary conditions are still unknown. to the true one to be satisfied by actual one-and two-body reduced density matrices. In several respects, however, his method is certainly superior to the ordinary variation method, as stated in § 1. Accordingly, it seems desirable to improve his method by investigating the general properties of reduced density matrices in more detail.
